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Abstract
We show that domain walls are probes that enable one to distinguish large-
distance modified gravity from general relativity (GR) at short distances. For
example, low-tension domain walls are stealth in modified gravity, while they
do produce global gravitational effects in GR. We demonstrate this by finding
exact solutions for various domain walls in the DGP model. A wall with
tension lower than the fundamental Planck scale does not inflate and has
no gravitational effects on a 4D observer, since its 4D tension is completely
screened by gravity itself. We argue that this feature remains valid in a generic
class of models of infrared modified gravity. As a byproduct, we obtain exact
solutions for super-massive codimension-2 branes.
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1 Introduction and Summary
A model of large distance modification of gravity [1] is based on the existence of
a new mega-scale in the theory, rc ∼ H−10 ∼ 1028 cm. In this model, the gravi-
ton propagates extra degrees of freedom (two helicity-1 and one helicity-0 states),
that lead to the van Dam-Veltman-Zakharov (vDVZ) [2] type discontinuity in the
linearized approximation.
However, the continuity in recovering the Einsteinian metric for localized sources
in the rc → ∞ limit, is due to non-linear interactions of these extra states, that
become strongly coupled, and ‘self-shield’ at short distances [3].
Because of these non-linearities, any spherically-symmetric source of a Schwarzs-
child radius rg ∼< rc, gets endowed with a new physical distance scale r∗ ∼ (rgr2c )1/3 ∼<
rc. The modifications to the metric now depend on whether the source is bigger or
smaller than r∗: For sources localized well within their own r∗, the metric inside
the r∗-sphere (r ≪ r∗) is almost Einsteinian, with tiny corrections, which can be
computed either in the 1/rc-expansion [4, 5, 6] or exactly [7].
For the existing realistic localized sources, such as stars, or planets (or even
galaxies) the values of r∗ are huge, and correspondingly, the deviations from the
Einsteinian metric are strongly suppressed near the sources. One expects that the
corrections are potentially measurable [5, 8, 9, 7] by Lunar laser ranging experiments
[10], but in general, detection of the modifications at short scales is extremely hard.
In this respect, it is important to identify other types of gravitating sources, for
which modifications are significant, even at the short distances.
We shall show that domain walls, are exactly these type of sources. In particular,
we will find that low tension walls do not gravitate in the DGP model [1]. We will
also argue that the latter property should persist in other theories of large distance
modified gravity.
Another important question concerns the form of the metric beyond r∗. The
naive perturbative expansion suggests that for r∗ ≪ r ≪ rc the metric should
have an approximately four-dimensional, 1/r, scalar-tensor-gravity type form [1, 3].
However, a non-perturbative solution of Ref. [7] exhibits a different behavior: for
r ≫ r∗ the metric turns into the one produced by a five dimensional source. This is
because the four-dimensional mass of the source is completely screened by a halo of
non-zero curvature that surrounds the source and extends to the distances ∼ r∗ [7].
It is important to understand the significance and universality of the screening
mechanism [7]. The question whether the direct crossover, beyond r∗, into the five
dimensional regime, is a general property of well-localized sources, should be under-
stood better. Although, in the present work we won’t be able to clarify this issue
completely, interestingly enough, we will find a similar screening mechanism for the
domain walls. As a result, properties of the domain walls are dramatically differ-
ent in modified gravity, and they could serve as very effective probes to distinguish
between modified gravity and general relativity (GR).
Consider 4D space-time labelled by coordinates (t, x, y, z) and introduce a Nambu-
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Goto domain wall with the stress-tensor
Tµν = σ δ(z) diag(1,−1,−1, 0) , (1.1)
where σ is the tension of the wall and z denotes the coordinate transverse to its
worldvolume. For simplicity, we consider the wall to be straight in this coordinate
system and localized at the point z = 0. For the moment we ignore the transverse
size of the wall. Gravitational field of such a source was found by Vilenkin [11] and
by Ipser and Sikivie [12] (VIS), and reads as follows:
ds2 = (1−H|z|)2 (−dt2 + e2Ht(dx2 + dy2))+ dz2 , (1.2)
where H = 2πGNσ. One simple consequence of this metric is that a freely falling
observer will be repelled from the wall. In general, an observer outside the wall floats
in the Rindler space while on the wall he/she observes a 3D de Sitter expansion.
Using the above knowledge, and trying to guess the behaviour of the domain
walls in DGP, one comes to the following puzzle. Naive intuition would tell us
that, at sufficiently short distances, the wall on the brane should behave as in 4D,
and thus, inflate. On the other hand, at large distances, the wall should behave as
a codimension-two object, which are known to produce a static metric with just a
deficit angle, at least for sufficiently small tensions. How could a non-singular metric
interpolate between the inflating and static patches?
As we shall see, the resolution of this puzzle lies in the dramatically different
behaviour of walls in GR and in DGP-like theories. In modified gravity such a
domain wall becomes stealth, as long as its tension does not exceed a certain critical
value. The wall will have no gravitational effects whatsoever. The presence of such
a wall can only be detected by scattering on its core. For instance, if gravity is
modified at cosmological distances, there could exist a domain wall passing through
the Solar system; we would be able to discover it only by coming into a contact with
its core. On the other hand, a long-range field of such a domain wall would be felt
in the Solar system if gravity is described by GR.
Detailed explanations of why this takes place is given in the bulk of the paper.
Here we discuss one way to understand this in the context of DGP. Consider the
modified Einstein equation:
G(4)µν +mc(Kµν − gµνK) = 8πGNTµν , (1.3)
where mc ≡ r−1c , G(4)µν is a 4D Einstein tensor, Kµν is an extrinsic curvature tensor
of 4D space-time, and K is its trace (for the full set of equations see, e.g., [7]). The
second term on the l.h.s. of Eq. (1.3) is what distinguishes it from the conventional
Einstein equation. Moreover, (1.3) can be interpreted as a GR equation with an
effective source T effµν = Tµν − mc8piGN (Kµν − gµνK). For the domain wall the extrinsic
curvature terms exactly compensate the stress tensor (1.1) giving rise to T effµν = 0.
Hence, the tension of the wall, as seen from the point of view of a 4D observer, is
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screened entirely by gravitational effects encoded in the extrinsic curvature. Not
surprisingly, the domain wall worldvolume remains flat, and so does the metric on
the brane:
ds2|4D = −dt2 + dx2 + dy2 + dx2 . (1.4)
Furthermore, we shall see that this screening takes place inside the core of the
wall. Hence, the analog notion of the r∗ scale for a domain wall (understood as
where the self-shielding takes place) coincides with its thickness,
r(dw)
∗
= dcore .
This is to be compared to the Schwarzchild-like case [7], where the shielding also
occurs, and r∗ extends outside the source. The net result is the screening of the 4D
tension/mass in both cases.
Although the above arguments were given for the DGP model, as we show in
Section 4, a similar mechanism is expected to remain valid generically in models of
long distance modified gravity in which the graviton is no longer massless [13] and
acquires extra polarizations.
2 Domain Walls in Perturbation Theory
In this subsection we analyze the domain wall metric in perturbation theory. Sub-
tleties of such an approach do manifest themselves already in the case of GR, as has
been discussed in [14]. Here, we reiterate and generalize those arguments. Consider
again 4D space-time and a domain wall in it. Its metric is given by (1.2). Can this
metric be recovered in a perturbative calculation? This question was addressed in
Ref. [14] and we shall briefly review the argument for clarity.
Given that the equation for the linearized metric is second order in derivatives,
and from the symmetries of the source (1.1), one naively obtains the result that
the linearized metric potentials behave like ∝ |z|. In appropriate coordinates, the
metric takes the form
ds2|Pert. Th. ≃ (1− 2H|z|)
(−dt2 + dx2 + dy2)+ dz2 , (2.1)
where H = σ/4m2P . This is consistent with the linearizatioin of the exact solution
(1.2),
ds2|Lin. ≃ (1− 2H|z|)
(−dt2 + (1 + 2Ht)(dx2 + dy2))+ dz2 . (2.2)
Indeed, one can check that (2.1) and (2.2) differ by a gauge transformation ∂(µξν)
with ξµ of the form ξz = 0, ξ0 = H(x2 + y2)/2 and ξi = H txi (here xi label x
and y)5. Hence, to linear order in perturbation theory, the metric does not capture
the fact that the wall inflates, which makes sense since the curvature scalar of the
5Note, though, that this transformation diverges at infinity. Hence, (conserved) sources that
do not decay at infinity can probe the difference between (2.1) and (2.2).
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worldvolume in the full solution is of order H2. The general lesson to be learned
from the above considerations is as follows: it seems that the linearized theory does
not capture all the physics, and one needs to go to higher orders in perturbation
theory (or possibly to the full nonlinear theory).
Now, let us perform the perturbative calculations for a domain wall localized
on the brane in the DGP model. Here, we consider the walls with a sub-critical
tension σ ∼< M3∗ . The subtleties outlined above manifest themselves in this case
too. The linearized equations have a family of solutions, some of them are static
and some are time dependent. It is hard to guess a priori what the right linearized
solution is. However, we know from the exact solution of the next section the
following: Unlike the domain wall in 4D GR, the worldvolume of a domain wall
with σ ∼< M3∗ in DGP does not inflate. Hence, we can choose accordingly the right
linearized solution6. Taking the above arguments into account, we now turn to the
perturbative considerations.
Expanding the metric around the 5D Minkowski vacuum
g
(5)
MN = ηMN + hMN ,
and using the harmonic gauge in the bulk, we obtain that the only nonzero compo-
nents, hµν and h55, satisfy the relation
h ≡ hµµ = h55 ,
where the brane is located at x5 = 0. The linearized Einstein’s equations take the
form [1](
M3
∗
2
5 +
m2P
2
δ(x5)4
)
hµν = −δ(x5)
(
Tµν − 1
3
Tηµν
)
+
m2P
2
∂µ∂νh , (2.3)
while the trace of this equation is
M3
∗
2
5 h =
1
3
δ(x5) T . (2.4)
For a domain wall T = −3σδ(z). By the symmetries of the problem, the static
solution should depend only on |x5| and |z|, and satisfy ∂5h = 0 for x5 = 0 (and
z 6= 0). One can show that up to a constant, the only such a solution with the
appropriate singular behavior at z = x5 = 0 is
h = − 1
2π
σ
M3
∗
log
[
(z2 + x25)µ
2
]
, (2.5)
where µ is a mass scale, which when the transverse size d is incorporated turns out
to be of order 1/d. Once we found h, we can plug it into the r.h.s. of (2.3), to
6Note that we would obtain a wrong linearized solution if we did not know the exact solution
and we were to follow the intuition gained on domain walls in 4D GR.
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find the full hµν . Now, since on the brane h depends only on z, one immediately
sees that the components parallel to the DW have no source term. Requiring that
they are regular at infinity, one obtains that they should vanish. Thus, h = hzz, and
indeed the (zz) equation is trivially satisfied. Hence, to leading order in σ/M3
∗
, the
metric is
ds2 = (1 + h)(dx25 + dz
2)− dt2 + dx2 + dy2 , (2.6)
with h given in (2.5). The metric (2.6) can be brought to a locally flat form
ds2 = dρ2 + ρ2dθ2 − dt2 + dx2 + dy2 , (2.7)
with the range of the angular coordinate modified (to leading order) as 0 ≤ θ < 2π−δ
with
δ =
σ
M3
∗
.
This is the well known conical space induced by a local codimension-2 object, with
deficit angle given by δ. Interestingly, this feature holds true also in the exact
solutions for sub-critical domain walls (those with σ < M3
∗
) on the conventional
branch, as we shall see in Sec 3.1. Let us remark now that (2.6) implies that
the induced metric on the brane is flat; setting x5 = 0 and using the coordinate
dz∗ ≡
√
1 + h dz, the induced metric is dz2
∗
−dt2+dx2+dy2. Hence, a (sub-critical)
domain wall in DGP has no gravitational effect on the brane. As will become more
clear below, the wall switches on the extrinsic curvature term in such a way that
the latter behaves as a negative tension wall, screening it completely.
3 Exact solutions
The DGP action [1] of the bulk plus brane plus the Domain Wall (DW) in the thin
wall approximation takes the form:
S =
∫
d5x
√−g(5) M3∗
2
R5 +
∫
d4x
√−g
(
m2P
2
R4 − τ
)
−
∫
d3x
√−γ σ , (3.1)
where R5 and R4 are the Ricci scalars of the metric in the bulk g
(5)
µν and of the induced
metric on the brane gµν , and γµν is the induced metric on the DW. We have also
introduced the brane tension τ , even though our main interest is in the case τ = 0.
In the derivation of the exact solutions below, we follow [15]. Given its potential
relevance for the present acceleration of the universe [16, 17], we shall discuss both
the conventional and the self-accelerated branches of the theory [18, 19].
The equations of motion arising from (3.1) can be split into the equations for the
bulk and those for the brane. We assume that there is no cosmological constant in
the bulk, and that it has at least the same symmetries as the (maximally symmetric)
domain wall. We are mostly interested in the cases when (1) the DW is inflating,
in which case its geometry is a 3 dimensional de Sitter space; (2) the DW is flat.
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Then, the analog of Birkhoff’s theorem in 5D ensures that the bulk metric locally
has the form
ds2 = f(R)dZ2 +
dR2
f(R)
+ R2ds2u , (3.2)
with f(R) = u − Cu/R2 and Cu an integration constant. Here, ds2u is the line
element of a three dimensional Minkowski space (u = 0) or de Sitter space with
unit curvature radius (u = 1). In this article, we shall consider only those boundary
conditions in the bulk that fix it to be flat, that is u = 1, C = 0. The general case
will be discussed elsewhere [20]. Still, it is convenient to introduce two different
slicings,
ds2 = dZ2 + dR2 +R2κds2κ, (3.3)
corresponding to the full Minkowski space (κ = 0) and to a kind of Rindler space
(κ = 1) . As we will see shortly, the 3-dimensional geometries of the domain wall
are given by ds2κ. Hence, the Rindler (Cartesian) coordinates are well suited for an
inflating (flat) wall.
The equations for the brane are given by the Israel junction conditions,
2M3
∗
Kµν = T
eff
µν −
1
3
T effgµν , (3.4)
where we imposed Z2 symmetry across the brane, Kµν is the extrinsic curvature,
T eff ≡ T eff µµ and
T effµν = −m2PG(4)µν − τgµν − σδ(ξ)γµν . (3.5)
Here, ξ is the coordinate along the brane orthogonal to the DW, and τ is the brane
tension.
The idea is now the following. Once the form of the bulk is known, the problem
reduces to finding the embedding of the brane in this space, via Eq. (3.4). The
location of the brane can be parameterized by two functions (R(ξ), Z(ξ)). Then,
the induced metric on the brane is
ds24 = dξ
2 + R2κ(ξ) ds2κ , (3.6)
where we have chosen the ‘gauge’
Z ′2 +R′2 = 1 , (3.7)
and ′ denotes a ξ-derivative. This can be thought of as fixing the arbitrariness intro-
duced in the parameterization (R(ξ), Z(ξ)). We then compute Eqs. (3.4) explicitly
in terms of this parameterization, which allows us to solve for R(ξ) (and Z(ξ),
through (3.7)). Generically, the brane will ‘cut’ the Z−R plane in two regions, and
the full 5D space is then obtained by taking two identical copies of the appropriate
side pasted together along the brane.
The components of (3.4) along the 3D de Sitter/Minkowski directions lead to
ǫ κ
√
1− R′2
rcR
= −κ 1− R
′2
R2
+
τ
3m2P
, (3.8)
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where
rc =
m2P
2M3
∗
. (3.9)
The parameter ǫ = ±1 is the sign of the extrinsic curvature. For τ > 0, ǫ is positive
(negative) for the Conventional (Self-Accelerated) branch.
Equation (3.8) leads to
1− R′2
R2
≡ H2 , (3.10)
where H solves
ǫ κ
H
rc
= −κ H2 + τ
3m2P
. (3.11)
The case κ = 0, can only be met for τ = 0, which makes perfect sense, since in this
case the metric (3.6) is flat. For κ = 1, the solutions symmetric across the DW are
of the form
R(ξ) = H−1 sin [H(ξ0 − |ξ|)] (3.12)
where we have introduced the integration constant ξ0 so that the DW is placed at
ξ = 0.
The (ξξ) component of (3.4), involving the localized source term ∼ σδ(ξ) deter-
mines the constant ξ0. This equation is not independent of Eq. (3.8), which is valid
away from the source localized at ξ = 0. Close to the source we obtain the following
divergent terms
− ǫ R
′′
2rc
√
1− R′2
= κ
R′′
R
+
2
rdw
δ(ξ) , (3.13)
where
rdw ≡ 4m
2
P
σ
, (3.14)
is the would-be domain wall horizon. Integrating both sides of (3.13) from ξ = −ε
to ξ = ε, and letting ε → 0, one obtains the following matching condition for the
jump of R′,7
− ǫ
2rc
∆arcsinR′0 = κ
∆R′0
R0
+
2
rdw
, (3.15)
where ∆X ≡ limε→0[X(ξ+ ε)−X(ξ− ε)]. To arrive at (3.15), we have used that R
is continuous at ξ = 0, and it can be treated as a constant for ξ close enough to 0.
Now, the gauge condition (3.7) can interpreted as the condition that the vector
(R′, Z ′) has unit norm. We can thus identify |R′0| = sin β. From Fig. 1, β is the
angle between the tangent to the brane and the Z axis at the DW location. Upon
cutting and pasting the appropriate sections of the R − Z plane, we realize that β
is related to the deficit angle (see Fig 1) through
δ = 4ǫβ . (3.16)
7Note that in Ref. [15] the integration of the l.h.s. of (3.15) is incorrectly done.
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Figure 1: The brane trajectory in the R−Z plane, for a generic DW in an inflating
brane (H 6= 0). The two figures represent a constant time snapshot, and one of
the directions along the DW (represented by the thick dot) is obtained in the upper
diagram by rotating it around the Z (vertical) axis. The space is cut by the two
constant Z sections where the brane is at an angle α = Hξ0. The space in between is
then removed, and the two slices joined together. Then, another identical copy of the
resulting ‘pancake’ is glued along the brane, as indicated in the lower diagram. For
the conventional branch (CB), the bulk is the interior, while for the self-accelerated
branch (SAB), it is the exterior. For the CB, this space has a deficit angle δ = 4β,
with β = π/2− α. For the SAB, we have an excess angle, that is δ = −4β.
Note that the sign of δ tells us whether it is a deficit or excess angle. Equation
(3.15) then takes a simple form8
− κ ∆R
′
0
R0
+
δ
4rc
=
2
rdw
. (3.17)
The interpretation of this is clear. It tells us how much the DW is behaving as a
codimension-2 object (opening-up a deficit angle), versus a codimension-1 object
embedded on the brane worldvolume (generating a jump in the derivative of the
induced metric).
Assuming Z2 symmetry across the wall Eq (3.17) reads, in terms of β,
2κHrc tan β + ǫ β =
σ
4M3
∗
. (3.18)
This equation cannot be solved analytically (except for κ = 0), but it is straight-
forward to solve it numerically for given values of the parameters. We shall now do
8This correctly reproduces the 4-dimensional and 5-dimensional limits. For rc →∞, we obtain
−∆R′0/R0 = 2/rdw , which we identify as the Israel junction condition for a DW in GR. For rc = 0,
we get δ = limrc→0 8rc/rdw = σ/M
3
∗
, which is the correct relation between the tension and the
deficit angle.
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this in the next subsections.
For clarity, we shall now summarize the main features of these solutions. It is
already apparent from (3.17) that both the 5D effect (amount of deficit angle) and
the 4D effect (the jump within the brane induced metric) produced by the wall will
in general differ from the usual pure 4D or 5D ones. In order to quantify these
deviations we can always introduce the effective 4D and 5D tensions in terms of
whichever geometrical effect is produced,
σ
(4D)
eff ≡ −2κ m2P
∆R′0
R0
(3.19)
and
σ
(5D)
eff ≡ δ M3∗ . (3.20)
Recalling that the deficit angle in (3.17) arises from the extrinsic curvature and that
the jump in R′ comes from the intrinsic curvature, we readily identify that σ
(4D,5D)
eff
contain a contribution from Kµν and from Gµν respectively, aside from the DW
tension itself. Also, in terms of σ
(4D,5D)
eff , the wall junction condition (3.17) can be
expressed as a ‘sum rule’,
σ
(4D)
eff + σ
(5D)
eff = σ . (3.21)
Note also that the notion of the 5D tension (3.20) is not valid for super-critical walls
(σ > 2πM3
∗
), simply because the deficit angle cannot exceed 2π without adding
extra sources. The appropriate notion in this case will require some previous famil-
iarization with super-massive codimension-2 objects, and will be discussed at length
in Section 3.3.
branch DW tension σ
(4D)
eff /σ σ
(5D)
eff /σ
CB σ < 2πM3
∗
0 1
σ > 2πM3
∗
1− 2πM
3
∗
σ
d
2rc
SAB σ ≪ 2πM3
∗
2
(
1− (σ/M3
∗
)2
/48 + . . .
)
−
(
1− (σ/M3
∗
)2
/24 + . . .
)
σ ≫ 2πM3
∗
1 +
2πM3
∗
σ
+ . . . − d
2rc
Table 1: Summary of the screening properties of our solutions. See the discussion
in the text for the definitions of σ
(4D)
eff and σ
(5D)
eff . Notice that for sub-critical walls,
the sum rule (3.21) is satisfied.
Now, let us briefly go through the results displayed in Table 1. As mentioned
in the introduction, in the Conventional Branch, sub-critical walls suffer a complete
screening of their 4D tension. The wall effectively switches on the extrinsic curvature
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in such a way that it completely compensates for the wall tension. Let us emphasize
that the 4D curvature of the brane is zero in this case even on the DW location.
Precisely for this reason, the 5D tension is not screened at all.
Still for the Conventional Branch, the supercritical walls show a very different
behaviour. First of all, the wall starts to inflate. So, the screening of the 4D tension
is not total. At the same time, the 5D tension is screened by a huge factor. What
happens in this case is that the space transverse to the wall is compactified to a
size of the order of the thickness d of the DW core (we are assuming that d is
finite but small, d ≪ rc). Hence, the model changes significantly, e.g., there exists
a graviton zero mode. Nevertheless, as we shall show in Section 3.3, ‘ordinary’
super-massive codimension-2 objects (i.e., without the DGP brane) also compactify
one direction of the transverse space, and start to inflate. Hence, the 5D effect to
which we should compare is the worldvolume inflation rate, rather than the deficit
angle (which is saturated to 2π). As we shall see, the walls in a DGP brane inflate
at a rate suppressed by d/2rc relative to the ones without the brane. As argued
before, the analog of r∗ scale for for all kinds of walls coincides with the thickness
d. Hence, quite surprisingly, the super-critical walls display the same screening of
the 5D tension/mass found in [7] for the Schwarzchild-like objects.
In the SA branch, we will see that the deficit angle is negative, meaning that
the 5D tension is ’over-screened’ (the sign of the net tension σ(5D) is reversed). On
the other hand, from the 4D point of view, there is anti-screening: the extrinsic
curvature takes the form of a positive tension wall. For small tensions, Kµν mimics
a wall with almost exactly the same tension, so the 4D effect is enhanced by a
factor 2. In the super-critical case, we shall find a suppression of the Hubble rate
on the wall ∼ d/2rc, while the deficit angle is close to −2π instead of 2π (which is
what the sign in the lower-right entry of Table 1 stands for).
3.1 Conventional Branch
This branch is defined by requiring that the brane extrinsic curvature be positive
(ǫ = 1) for non-negative brane tension τ . As seen from (3.16), this implies that a
positive tension wall generates as usual a deficit angle in the bulk. From (3.17),
we also see that this can be interpreted from the point of view of the brane as a
screening due to the extrinsic curvature term, which behaves like a negative tension
domain wall. As we will now see, the amount of screening depends on the brane
tension, and in the extreme case τ = 0, there is complete screening.
Flat domain wall (κ = 0)
In this case, Eq. (3.8) is automatically satisfied if we set τ = 0. On the other
hand, Eq. (3.13) is of the form R′′ ∝ σδ(ξ). Hence, taking into account (3.7), the
trajectory is of the form
R(ξ) = |ξ| sin β Z(ξ) = ξ cos β (3.22)
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The junction condition on the DW (3.17) fixes β, and leads to an expression for the
deficit angle
δ =
σ
M3
∗
,
as for an ordinary codimension-2 object. This space is illustrated in Fig. 2. It makes
sense as long as the deficit angle is less than 2π, that is for
σ < 2πM3
∗
.
We recognize that the linearized solution of Sec. 2 was tailored to reproduce this
exact metric.
Figure 2: Conical space corresponding to the flat DW case in a flat brane. The
deficit angle is δ = 4β, which is always less than 2π. This figure refers to the
Conventional Branch, and with zero brane tension.
Now that we have a geometrical method to find the solutions, we could easily
construct multi-center solutions with as many DWs as we’d like. The induced metric
is always trivial (up to the topology), and the embedding of the brane in the bulk
has a kink-shape, as in Fig 2, at each DW. In particular, if the wall tensions add
up to 2π, then the bulk is compactified with compactification radius related to the
separation between the walls.
Let us now describe in more detail the critical case,
∑
σ = 2πM3
∗
. A single
critical wall leads to a seemingly singular space because the angular component of
the metric (2.7) vanishes. This is of course an artifact of the thin wall approximation.
If we introduce the thickness of the wall d, then the metric asymptotes that of a
cylinder of radius d. Hence, the bulk (the transverse space) is compactified, and in
the ’thin wall’ limit d → 0, one transverse direction disappears. We can illustrate
these statements giving the critical wall some structure, for example by splitting it
into two walls with tensions 3π/2 and π/2 (in units of M3
∗
), separated by a distance
d. Since each of them is subcritical, the bulk is a wedge of 2π minus the deficit angle
at each wall. In this case, instead of Fig 2, the bulk looks like (two copies of) a
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semi infinite strip of width d. Thus, the compactification radius coincides with the
separation between walls9.
This solution contains one modulus, d. At first, this is puzzling because it seems
that it costs no energy to move the walls apart, but this would result in changing
the compactification scale. The reason why there is no paradox is that to change
globally the position of the walls actually costs an infinite amount of energy. The
fact that d is a flat direction means that local perturbations in the wall separation
propagate as massless fields.
There appears to be another paradox, though: the bulk is compactified, so one
expects to have four dimensional gravity at distances larger than d. However, the
DW is flat, so it does not gravitate as in 4D. This situation occurs also in ordinary
Kaluza-Klein theories, without the brane. A critical codimension-2 object in 5D
compactifies one transverse in the same way, producing an effectively 4D space.
But it does not inflate, as it would in 4D. This an example of off-loading : all the
gravitational effect of the DW tension is ’exhausted’ in compactifying the transverse
space. We will see below that if the tension is supercritical, then it starts behaving
as in 4D, and in the limit σ ≫ M3
∗
we will recover the usual metric of a domain
wall on the brane. But in the critical case, the four dimensional behavior is not
reproduced.
Finally, we shall mention that the space generated by a critical (distribution
of) walls is unstable under nucleation of bubbles of nothing, very much like with
the Kaluza-Klein vacuum [21]. The reason is that, the space is asymptotically
cylindrical, which has the same topology as the bubble of nothing instanton. The
estimated nucleation rate is of order exp(−m2PR2) [21], where R is the (asymptotic)
radius of the extra dimension. In our case, this is related to the wall thickness. For
a single critical wall, assuming that its thickness is of the same order as the scale of
the tension M∗, this gives a highly suppressed rate. For an extended distribution of
walls R is larger, so the rate is even more suppressed.
Inflating domain wall (κ = 1)
Solving for β in Eq. (3.18) for τ 6= 0, we can find the deficit angle δ and the DW
radius R0 = H
−1 cos β. The results are shown in Fig. 3 for Hrc = 1/5 and 1/100.
We can see how as H → 0, the subcritical walls (with σ < 2πM3
∗
) are much flatter
than in usual GR.
For H = 0, Eq. (3.10) implies that R′2 = 1. Thus, the brane trajectory lies
along Z = const. lines in the Z −R plane, which means that the deficit angle is 2π
(for the CB). Strictly speaking, this limit is singular, because the bulk collapses to
zero volume. However, if we introduced the DW thickness d, we would realize that
the bulk is a slice of size roughly given by d. Here, we shall ignore these details and
assume that the geometry is appropriately regularized in such a way that it still
9One can see that for tensions giving individually deficit angles δ1 < pi and 2pi − δ1 the com-
pactification radius is d sin δ1.
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Figure 3: The radius of the DW R0 for the conventional branch (CB), in the Z2
symmetric case, for Hrc = 0.2, 0.01 and 0, and the deficit angle (for Hrc = 0.01)
as a function of the tension σ. We see how the DW tension is screened by the Kµν
term (contributing effectively negative tension), so that the radius of the DW is
larger than in 4D GR (dashed line). There is a qualitative change of behavior for
tensions below or above the critical value 2πM3
∗
(vertical lines). In the limit H = 0,
tensions smaller than or equal to 2πM3
∗
induce a flat DW. Only for σ > 2πM3
∗
, the
DW worldsheet is inflating, and R0 approaches the 4D value (rdw) for σ ≫M3∗ .
makes sense to speak of a deficit angle 2π. Then, the matching condition (3.17)
takes the following form,
1
R0
+
π
4rc
=
1
rdw
(3.23)
The solutions of this equation are represented in the lower left plot of Fig 3. Solutions
with a finite Hubble radius R0 start to exist for supercritical walls σ > 2πM
3
∗
.
Subcritical walls have an infinite R0, that is they are flat, in agreement with the
arguments of the previous sections.
3.2 Self-accelerated branch
In this case, the brane extrinsic curvature is negative (ǫ = −1). This implies that a
positive tension wall generates a negative deficit angle in the bulk (see Fig 1, or Eq.
(3.16)). From the point of view of the brane, this is seen as an anti-screening due
to the extrinsic curvature term. Using e.g. (3.18) for tan β ≃ β ≪ 1, one obtains
tan β ∝ R′0/R0 twice as large as in GR. This means that in this case Kµν behaves
like a positive tension domain wall with effective tension σ.
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From the point of view of the bulk, however, there is ‘over-screening’. Indeed,
the deficit angle is negative (see Fig 4), which means that the effective codimension-
2-tension is negative. This can also be visualized from Fig 1: for the SA branch, the
bulk is the exterior of the brane, which gives an excess angle.
We can also see this from Eq (3.18) for small DW tension, σ ≪M3
∗
. In this limit
also β ≪ 1, so the deficit angle is approximately (here we take κ = 1)
δ ≃ 1
1 + 2ǫHrc
σ
M3
∗
. (3.24)
Hence, in the CB there is screening, while on in the SAB there is ’over-screening’.
In fact for the SAB with zero tension, the deficit angle is exactly opposite as the
naively expected.
Two comments are now in order. Given that from the point of view of the
bulk the wall in the SAB behaves as with negative tension, it appears that the
stability of this solution is not granted. However, a perturbative analysis would not
be conclusive, since the brane is in a strong coupling regime for this solution [22, 13].
On the other hand, it is clear that a perturbative treatment as in Section 2 will not
capture the over-screening. This is precisely a consequence of the non-perturbative
nature of the solution.
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Figure 4: The deficit angle and the radius R0 of the DW for the Self-Accelerated
Branch. The radius R0 approaches its 4D value (dashed line) for large σ. The
fact that R0 is smaller than the GR result is a consequence of the anti-screening
produced by the extrinsic curvature term. In the third plot, we see the anti-screened
the 4D tension, which amounts to a factor 2 for small σ. For large tension, σ(4D)
approaches the GR result.
3.3 Super-critical walls and screening of the 5D tension
In this section we discuss the spacetime produced by a (local) supermassive co-
dimension-2 brane in ordinary gravity, in order to compare it to the supercritical
walls found above. Solutions of a super-massive Abelian-Higgs vortex have been
previously found numerically [23, 24]. The metric was shown to be regular and
time-dependent, essentially because topological-inflation sets in.
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In our case, the codimension-2 object is assumed to have the form of (thick) a
Domain Wall confined on a ‘fake’ brane (with negligible tension and thickness, and
no induced gravity term). As such, it does not have cylindrical symmetry. Rather,
it is like a strip of a codimension-1 object of a finite extent, which, seen from
afar appears as codimension-2. Thus, the problem under consideration is slightly
different from that of [23, 24]. The advantage is that we can find the solution
analytically, and the detailed structure of the core is not going to be important.
Let us also emphasize that the solutions presented in this section are not the most
general compatible with the assumed symmetries, since we will also require that the
space outside the object is locally flat (this is a similar to the restriction to Cu = 0,
u = 1 in (3.2)). We shall show that also these ordinary codimension-2 objects with
tension σ > 2πM3
∗
, the worldsheet starts to inflate, and we shall compute at which
rate.
We can proceed in the same way as in Section 3 with vanishing brane tension
τ = 0. We shall concentrate on the five dimensional case, and take a generic form
of the energy momentum tensor compatible with the symmetries of the wall,
T νµ = diag(−ρ,−ρ,−ρ, P ) ,
and we assume that ρ and P (if nonzero) depend on ξ only and are peaked around
ξ = 0. We shall not assume any particular microscopic model for the wall. Let us
just mention that thick gravitating domain walls arising from scalar field models do
develop a non-vanishing pressure in the core [25] (see also [26]).
The embedding equations (3.8) and (3.13) without the induced gravity term and
with τ = 0 become
2κ M3
∗
√
1− R′2
R
= −P
3
, (3.25)
and
− 2M3
∗
R′′√
1−R′2
=
(
2
3
P + ρ
)
, (3.26)
which in fact is equivalent to (3.25) once the conservation equation
P ′ + 3κ
R′
R
(P + ρ) = 0
is used.
Equation (3.25) immediately tells us that P ≤ 0, and that it should vanish when
the worldvolume does not inflate (κ = 0). Instead, if it inflates, then P is nonzero
essentially at the location of the object, where R′2 6= 1.
As seen from (3.22), a subcritical wall produces a discontinuity |∆R′| < 2 while a
critical wall saturates this bound. For supercritical walls, then there are two options:
one is to have a larger |∆R′|, but this would require another source at finite distance.
The other is that the P switches on. Let us now see that this is compatible with
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keeping |∆R′| = 2 for the supercritical walls. The integral of Eq. (3.26) around the
core (that is from R′ = 1 to R′ = −1) gives
2πM3
∗
=
∫
dξ (ρ+ 2P/3) .
If we keep calling σ ≡ ∫
core
ρ dξ the tension, and defining the width of the wall d by∫
core
Pdξ ≡ P0 d, we obtain
−2
3
P0 d = σ − 2πM3∗ ,
where P0 = P (0). Now, Eq. (3.25) tells us that at the center of the core (R
′ = 0)
the Hubble rate 1/R0 is related to P0 as
−P0 = 6M
3
∗
R0
we arrive at
1
R0
=
1
4dM3
∗
(
σ − 2πM3
∗
)
. (3.27)
Given that R′2 = 1 outside the walls the transverse space is compactified to a length
equal to the thickness d. Hence, the theory becomes effectively 4-dimensional, with
an effective 4D Planck mass
M24 = M
3
∗
d .
With this in mind, we can rewrite (3.27) as
1
R0
=
σ
4M24
− π
2d
. (3.28)
Hence, we see that we obtained the expected results: Eq (3.27) tells us that for
tension larger than 2πM3
∗
, the wall starts to inflate; The Hubble rate approaches
that of a codimension-1 object in GR (in terms of the effective Planck mass M4).
The interpretation of (3.28) in 4D terms is also interesting: the 4D tension of the
wall is screened by the higher dimensional effects by an effective mirror wall with
negative tension and an equivalent horizon of order d.
It is also worth describing the structure of the space-time generated by this ob-
ject. The space is (the interior of) a flat ‘pancake’ of a thickness essentially given
by the thickness of the wall, d. Hence, the picture is similar to Fig. 1, but with
the ‘sides’ completely flat. The finite expansion rate on the wall translates into the
fact that the object is placed at a finite radial distance R (recall that in Fig 1, the
horizontal coordinate is a radial Rindler coordinate). Accordingly, the presence of a
horizon at a finite distance from the object is seen in the picture because the coor-
dinate orthogonal to the object ‘terminates’ at the origin R = 0 (which is actually
the horizon).
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Now that we know how supermassive codimension-2 objects behave, we can
compare to what we found for the DGP model. Note that (3.28) is very similar to
(3.23) with the thickness d instead of 2rc and M4 instead of mP (the coefficient in
the induced gravity term). One immediately realizes that the Hubble rates induced
on the objects in DGP is extremely suppressed as compared to ordinary 5D gravity,
1/R
(DGP )
0
1/R
(5D)
0
=
d
2rc
. (3.29)
Hence, the 5D tension is suppressed by a factor d/rc, which as argued before is
the same as r∗/rc, since the scale where the nonlinearities build up is r∗ = d for
domain walls. Note that this is exactly the same suppression that occurred in the
Schwarzchild solution found in [7], which also applies to the supercritical case where
the radius of the source is less than its own r∗. Note also that for the domain walls,
the 4D tension is screened, even though not completely. Indeed, without screening
of the 4D tension one would expect 1/R0 = σ/4m
2
P and instead one has (see (3.23))
1
R0
=
σ
4m2P
− π
4rc
.
At this point, it might seem that the screening of the 5D tension (3.29) for super-
critical walls is suspiciously discontinuous: in the 5D limit, rc → 0, (3.29) should
go to 1. Let us now show that this is precisely what happens, once we include the
thickness of the wall from the beginning when the wall is on a DGP brane. We only
need to repeat the above steps keeping the induced gravity terms. The junction
equations are
2ǫ M3
∗
√
1− R′2
R
= − m2P
1− R′2
R2
− P
3
, (3.30)
and
− 2ǫM3
∗
R′′√
1− R′2
= 2 m2P
R′′
R
+
(
2
3
P + ρ
)
. (3.31)
On one hand, we can read from (3.30) that
− P0
3
=
(
2ǫM3
∗
R0
+
m2P
R20
)
. (3.32)
Integrating this equation along the core of the wall, we obtain, for the Conventional
Branch,
2πM3
∗
=
2
3
d P0 + σ − 4m2P
1
R0
. (3.33)
From this and (3.32), we arrive at
4
m2P + dM
3
∗
R0
+ 2
m2P d
R20
= σ − 2πM3
∗
. (3.34)
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Assuming that d ≪ rc, one sees that the for R0 ≫ d the 1/R0 term dominates.
Hence, we obtain
1
R0
=
1
4
σ − 2πM3
∗
m2P + dM
3
∗
, (3.35)
which gives the suppression factor
d
d+ 2rc
≃ d
2rc
. (3.36)
Note that (3.35) being consistent with our assumption that R0 ≫ d leads to
d≪ 8
π
1
σ
2piM3
∗
− 1 rc . (3.37)
This, though, does not seem to be much of a constraint for microscopic walls unless
the tension is extremely large.
For the SAB, (3.33) reads
− 4 arccos(R20/r2c ) M3∗ =
2
3
d P0 + σ + 4m
2
P
1
R0
(3.38)
so the analog of (3.34)
4m2P
1− d/2rc
R0
+ 2
m2P d
R20
= σ + 4M3
∗
arccos(R20/r
2
c ) . (3.39)
Again, assuming that d≪ rc one obtains for d≪ R0 ≪ rc,
1
R0
=
σ + 2πM3
∗
4(1− d/2rc)m2P
, (3.40)
leading to the suppression factor
σ + 2πM3
∗
σ − 2πM3
∗
d
2rc − d ,
which, for σ ≫M3
∗
coincides with the one for the CB, (3.36). Also, the consistency
of (3.40) with the approximation d ≪ R0 ≪ rc leads to a mild condition similar to
(3.37).
4 Domain walls in IR modified gravity
Our findings of the previous section may well hold in more general models of modified
gravity. Detailed arguments in favor of this will be discussed below. However, before
we plunge into those considerations we’d like to emphasize the following: Nonlinear
effects played an important role in the previous section where we obtained the results
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in DGP. Unfortunately, it is not clear whether the general models which we will
discuss below have any consistent nonlinear counterparts. For one, massive gravity
is known not to have a consistent nonlinear completion [27, 28, 29], as any of its
versions gives rise to certain ghost-like instabilities. All of our discussions concerning
general models below ignore these difficulties, and we have no way of assessing at
present the significance of this for our discussions.
The most general ghost-free linearized theory in which gravity is mediated by a
symmetric tensor field hµν , is a generalization of the Fierz-Pauli [30] massive theory,
and satisfies the following equation [13],
Eαβµν hαβ − m2() (hµν − ηµνh) = −16πGN Tµν , (4.1)
where,
Eαβµν hαβ = hµν − ηµνh − ∂α∂µhαν − ∂α∂νhαµ + ηµν∂α∂βhαβ + ∂µ∂νh , (4.2)
h ≡ hµµ and GN stands for the Newton’s constant.
For m2() = 0 this reduces to the linearized Einstein’s equations, describing the
propagation of two polarizations of a massless spin-2 graviton. Here, we shall be
interested mostly in the case m2() = const, that corresponds to massive gravity;
we will compare the latter to m2() =
√
/rc, which corresponds to the DGP
model. Our conclusions also apply to the more general cases where
m2() = r−2(1−α)c 
α , (4.3)
with 0 ≤ α < 1 (the lower bound arising from unitarity [13]), assuming that these
models have sensible nonlinear completions.
Gravitons satisfying (4.1) propagate 5 polarizations for nonzero m2(), which is
at the root of the vDVZ discontinuity [2]. The naive linearized metric produced by
a localized source Tµν is given by
hµν = −16πGN 1
−m2()
{
Tµν − 1
3
(
ηµν − 1
m2()
∂µ∂ν
)
T
}
, (4.4)
where T ≡ T µµ . The factor 1/3 reflects the existence of the extra helicity-0 polariza-
tion χ, residing in hµν . The latter could be separated as follows:
hµν = h˜µν +
1
6
ηµν χ+
1
3
∂µ∂ν
m2()
χ , (4.5)
where h˜µν contains the usual 2 polarizations, as in the massless case, and the helicity-
1 states are ignored as they do not couple to conserved sources in the linearized
theory. Convoluting Eq. (4.4) with a stress-tensor of a test source T ′µν , we obtain
the following one-graviton exchange amplitude
A ∝ GN
∫
d4x
TµνT
′µν − 1
3
TT ′
−m2() .
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Let us apply this to an infinite domain wall with the stress-tensor given in (1.1).
Taking a non-relativistic probe T ′µν = M δ
0
µδ
0
ν δ
(3)(r), we obtain that the amplitude
equals to zero! Actually, it is also easy to see that it vanishes for any conserved
source. First, note that for the DW, the tensorial structure Tµν − (1/3)Tηµν ∝ δzµδzν .
Hence, the amplitude is∫
d4x T ′zzf(z) = −
∫
d4x ∂zT ′zz
∫ z
dz′f(z′) =
∫
d4x ∂AT ′Az
∫ z
dz′f(z′) = 0 ,
where f(z) is the result of applying (−m2())−1 on δ(z) (certainly a function of z
only). In the derivation above, we integrated by parts, used the local conservation of
T ′µν , and integrated by parts again (the label A stands for all coordinates except z).
Hence, we conclude that the amplitude vanishes, which is due to the ‘pure gauge’
form of the metric (4.4) for the DWs.
Thus, in the naive linearized approximation, domain walls in massive gravity
(and in general theories parameterized by (4.3)) do not gravitate. This conclusion,
however, is not warranted until the nonlinear effects are taken into account. This
is because of two interrelated reasons already discussed in Sections 1 and 2: (1)
There is an ambiguity in linearized solutions; one cannot decide whether to choose
a time-dependent or a static solution, without knowing what is going on with the
source itself. (2) In modified gravity, non-linearities introduce a scale r∗ at which
the perturbative expansion breaks down, and, therefore at r ∼< r∗ the above results
cannot be applied. In DGP these issues were addressed by finding exact nonlinear
solutions in Section 3. We do not have the luxury of a stable nonlinear theory in
the case of massive gravity (and the general α-theories (4.3)). However, this may
only be a temporary technical problem, and if so, it would make sense to try and
estimate what the analog of the r∗ scale for a domain wall in massive gravity is. We
will do this below.
First we recall that the r∗ scale and strong coupling originates from the 1/m
2()
term in (4.4), which at the non-linear level gives rise to interactions that become
singular for m2()→ 0 [3]. In a schematic way, the leading singular vertex has the
form [13]
r4(1−α)c
∂4
2α
χ (∂χ)2 , (4.6)
where we should keep in mind that the four derivatives do not necessarily come in
the form of 2. For α = 0, 1/2, this was found in [3] (see also [31] for α = 0). Due to
this singularity, the localized gravitating sources end up having a new ‘horizon’ at
r = r∗, where the perturbative expansion in GN breaks down. Consider now a non-
relativistic spherically symmetric source Tµν = M δ
0
µδ
0
ν δ
(3)(r), with a gravitational
radius rg = 2GNM . The scale r∗ is then found as follows: Assume that far enough
from the source, the linearized solution
hµν = −
δ0µδ
0
ν − 13
(
ηµν − ∂µ∂µm2()
)
−m2() 8π rg δ
3(r) (4.7)
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is valid. From this and (4.5), one finds that for r ≪ rc
χ ≃ 1
2
rg
r
. (4.8)
At the scale r∗ the contributions from the nonlinear diagrams (4.6) catch-up with
the leading linear one. This happens when
(rc
r
)4(1−α) rg
r
∼ 1 .
This determines the Vainshtein scale [32]
rV ∼
(
rgm
−4
)1/5
, (4.9)
for massive gravity, and the r∗ scale
r∗ ∼
(
rgr
2
c
)1/3
, (4.10)
for DGP. At r ∼< r∗, the metric can be found as a series in r/rc [4].
Let us now apply similar considerations to subcritical domain walls. Assuming
that the linearized solution
hµν = −
δzµδ
z
ν +
∂µ∂ν
3m2()
−m2() 16π σGN δ(z) , (4.11)
is valid far-away from the source, for z ≪ rc Eq. (4.11) leads to
χ = −8π GNσ |z|.
With such a dependence on z the nonlinearities vanish due to the structure of the
vertices. This is obvious for the leading singular vertex (4.6), and is also true for
all the other interactions. The key point is that both for m2 = const and for
m2() =
√
/rc, all non-linear vertices include at least one χ (or hµν) with at
least two derivatives. As a result, for solutions for which hµν is linear in z, the
strongly coupled vertices vanish outside of the source. The only place where they
can make contributions is in the core of the source itself. Thus, the scale r∗, for a
subcritical domain wall, is determined by the transverse size of the wall itself. This
is reminiscent of a metric of a subcritical Schwarschild source [7], except that the
subcriticality condition in the two cases are quantitatively different.
Finally, let us discuss a similar issue for a wall with a finite longitudinal extent.
Specifically, consider a disk of radius L located on the plane z = 0, and let us measure
the gravitational interaction of this ‘wall’ along the z axis. For r∗ ≪ z ≪ L, the
solution should be well approximated by (4.11), and χ ∝ |z| as before. In this case,
we could apply the same reasoning for strong coupling vertices as we did for an
infinite wall, and could conclude that they vanish outside the wall as long as r∗ is
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smaller than L. Let us get a naive estimate for the value of r∗ for a finite wall. The
total ‘mass’ of the source is (here we ignore the fact that the domain wall also has
a negative pressure)
M ∼ πσL2 ∼ πδM3
∗
L2 ,
where we introduced δ ≡ σ/M3
∗
, andM∗ is the fundamental Planck scale in the bulk
(let us concentrate on the DGP model for the moment). Then the naive estimate
rnaive
∗
∼ (2GNMr2c )1/3 would suggest
rnaive
∗
∼ (δL2rc)1/3 .
If rnaive
∗
is smaller than L, then non-linearities never contribute outside the wall.
This gives the following constraint on the size of the wall10
L≫ δ rc . (4.12)
Hence, in order to avoid the strong coupling of the longitudinal mode χ, the wall
radius has to be quite large; for δ ∼ 1 it should be larger than rc. This is consistent
with the expectation that the behavior of a DW here is different from that in GR.
The above follows from the fact that the infinite domain wall is already probing the
scale of modification of gravity rc.
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